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LudW|g Prandtl

- originator of

- boundary layer

" theory and aavisor to

- von Karman, Blasius,
Nikuradse and others
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Extraordinary insights: Ludwig Prandtl in 1936.




Boundary Layer History

1904 Prandtl

Fluid Motion with Very Small Friction
2-D boundary layer equations

1908 Blasius

The Boundary Layers in Fluids with 1ittle Friction
Solution for laminar, O-pressure gradient flow

1921 von Karman
Integral form of boundary layer equations

1924 Sir Horace L.amb

Hydrodynamics ~ one paragraph on boundary layers

1932 Sir Horace L.amb

Hydrodynamics ~ entire section on boundary layers

Theodore Von Karman
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INTERNAL EXTERNAL
FULLY CAN BE NEVER
DEVELOPED?
WAKE? NEVER USUALLY - PLATE IS
EXCEPTION

THEORY  |PIPES, DUCTS,. |FLAT PLATE & ZERO
LAMINAR PRESSURE GRADIENT
GROWING |NOT WHEN ALWAYS

BOUNDARY |FULLY
LAYER? DEVELOPED

ADVERSE PIPE/DUCT=NO

PRESSURE DIFFUSER=YES
GRADIENT

PLATE=MAYBE
BODIES=USUALLY

TURBULENT |PIPE (EXAMPLE)
EXPERIMENT | u(r)/U,, = (y/R)"

PLATE (EXAMPLE)
uU, = yioyn @
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L/ _~Uniform velocity field upstream

LBL- Laminar boundary layer
R TBL- Turbulent boundary layer
T- Transition
S— Separation point
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U_~Uniform velocity field upstream

Streamlines




Flat Plate (no pressure gradient)
~ what is velocity profiler

~ wall shear stress/drag?

~ displacement of free stream?
~ laminar vs turbulent flow?

Immersed Bodies

~ wall shear stress/drag?
~ lift?

~ minimize wake




Viscous effects

important R ] y g
Re=Ulh=01 _ _—x" Re= 107
— Boundary layer
o Viscosity not b
~ u < 0.99U important Viscous effects Wake
7/ important region

/ i { / LS4 I P— e .
( [ x x
\ \ — 't_ — ST k& ]

e \Streamlmes deflection

\ very slight
~ - - - &
U Streamlines deflected T — — — | vl |
considerably U
U U

L.aminar Flow
O/x ~ 5/Rexl/2
THEORY

Turbulent Flow

Re, ansition =~ 200,000

u)/ U, = (/8"
8/x ~ 0.382/Re_1/5
EXPERIMENTAL




o )Lid 0L S — Ol i

assume

Re; = 10,000 Visualization is by air bubbles see that boundary layer, 0,
is thin and that outer free stream is displaced, 0", very little.

o )Lid 0L S — Ol dmino

Re; = 10,000 Visualization is by air bubbles see that boundary layer, 0,
is thin and that outer free stream is displaced, 87, very little.
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' v
Transition

Simplitying assumptions often made for engineering analysis of
boundary layer flows

. u—=Uaty=25
2 du/dy—0aty=29
3. v << U within the boundary layer

Results of the analyses developed in the next two sections show that the bound-
ary layer is very thin compared with its development length along the surface. There-
fore it is also reasonable to assume:

4, Pressure variation across the thin boundary layer is negligible. The freestream pressure

distribution is impressed on the boundary layer.
@

Development of laminar boundary layer
(0.01% salt water, free stream velocity 0.6 cm/s, thickness
of the plate 0.5 mm, hydrogen bubble method).
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FLAT PLATE — ZERO PRESSURE GRADIENT: §(x)

BOUNDARY OR DISTURBANCE LAYER

i -f _
BOUNDARY OR DISTURBANCE LAYER )




Boundary™ Layer Thickness
0(x)

Definition:
u(x,0) = 0.99 of U=U_=U_
(within 1 % ot U_)

*Disturbance @
d is at y location where u(x,y) = 0.99 U
!
Vel T Ve Ve U
> > 2 2 A
: vty
> = b(x)
0 = 4 ulx, y) l
/ Z A A A A, e
Leading edge
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NOTE: boundary layer is
much thicker in turbulent flow.

U
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Laminat ———vl——sle— Turbulent
Transition
L4
Blasius showed theoretically for laminar flow that Experimentally found*
= 1/2 —
o/ 5/(Re%) o (11{/3}( PUx/H) for turbulent flow that
X

& ax*/5
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NOTE: velocity gradient at wall
(T, = W du/dy) is significantly greater.
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Transition

At same x: U/0; > U /0,
At same x: T _; < T o




Note, boundary layer 1s not a streamline!

From theory (Blasius 1908, student of Prandtl):
5= 5x/(Re,/?) = 5x/(U/[vx])!/? = 5v1/251/2/U1/2
d8/dx = 5 (v/U)1/2 (13) x1/2 = 2.5/ (Re ) !/2
V/U = dy/dx | e = 0.84/ (Re,172)
dy/dx | # do/dx so 0 is not streamline

streamline
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Streamlines deflected B — o
L4 considerably
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Path undefined:
three-dimensional
otational flow

Sinusoidal path with
increasing amplitude:
rotational flow

-< Rectilinear path:
2o rotatio
Rectilinear ational flow
translation:
irrotational
flow

Streamline
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NOTE: Turbulence is not initiated at
Re,, all along the width of the plate

Emmons spot ~ Re, = 200,000
Spots grow approximately linearly downstream at downstream
speed that is a fraction of the free stream velocity.

Emmons spot, Re_ = 400,000

smoke 1in wind tunnel
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I—-— Laminar ' ' Turbulent
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Transition

>
>

Turbulent boundary layer 1s thicker and grows faster.

Transition not fixed but usually around Re_ ~ 500,000
(2x105-3x106)

For air at standard conditions and U = 30 m/s, x.. ~ 0.24 m

> Thtr

©

Nevertheless: Treat transition as it
happens all along Re_= 500,000

Laminar . - Turbulent

Experimentally transition occurs around
Re ~ 5%10°

Water moving around 4 m/s past a ship,
transitions after about 0.14 m from the bow,
representing only about 0.1 % of total
length of 143 m long ship. ©




FLAT PLATE - ZERO PRESSURE GRADIENT: &"(x)

Displacement Thickness
2wl Cwbus €




0'(x) 2lbwlr Culbis

Definition:

5 = [ (1 —u/U)dy

oo O bt ol e Olas 8%
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Uh = U+ &%) + (/"% (u - Uydy
US*= 15w -U)dy
& = Jr (- u/U + Ddy = ([ (1 - u/U)dg,

5%~ [, (1 —u/U)dy =], (1 —u/U)dy
function of x!




Definition: §" = [* (1 —u/U)dy
pUS W = I0Oo p (U —u)dyw ~ OIS p (U —u)dyw

the deficit in mass flux through area 6W due to the

presence of the boundary layer.

mass flux passing through an area [0"w] in the absence
of a boundary layer

Definition: & = J*(1 —u/U)dy

pUS" = o[*p (U —u)dy = ([ p (U — ufy)dy
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Lamjnal‘ flow on flat plate in uniform free stream
e
¥ G
— Sy = 5x/(Re.1/?)
Blasius X
. — — L e —
— =
u = fix, )
velocity profile
af{x)
gt * — 1/2
b *(x) SBlasius 1.721 X/ <R€X>
}
u

0*(x) ~ /5 6(x)
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Displacement Thickness &
Definition: 8" = J* (1 —u/U)dy

From the point of view of the flow outside the boundary layer, 8" can be interpreted as
the distance that the presence of the boundary layer appears to “displace” the flow
outward (hence its name). To the external flow, this streamline displacement also looks

like a slight thickening of the body shape.
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PROBLEM: Find U, as a function
of U_, D and 8"
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INLET OF DUCT

Continuity equation (per W):

U,D = -D/Z-[D/Z U.dy - {—D/Z-[D/Z (UC_U’)dy}

U_.D =
—D/Z-[D/Z Uedy_{(—D/Z) I (D/2+0) (Ue—u>dy+(D/2— 8) ID/Z (Uew)dy}

63 ¢ u:Ue 6szjﬁ 4.&& j' CJB- 4§ Sl 0l e laul LJbJé @‘ j‘)
(Y‘L’}CA—“‘XJ‘L;’UUUeu:’,‘J

Continuity equation (per W):

Uu.D =
-D/ZID/Z Udy - {(-D/Z) j (D/2+0) (Ugswdy + D/2- §) JD/Z Uwdy}
UooD — —D/Z-[D/2 Uedy o Ue {(—D/Z) J.<_D/2+6) (1 _u/Ue>dy}
- Ue{(D/Z- 8) ID/Z (1-u/U)dy}

As we already know:
§ = J°(1—u/U)dy~ Jo(1 —u/U)dy °




INLET OF DUCT

8*
E—— - -
— e £,
i o—g—— - == £
e —— = | 6*

Continuity equation (per W):

1l

Uu_.D =
D /2I b/ Udy-U,{ (-D/2) I (D/2+0) (1-u/U) dY"'(D /2-8) I D72 (1-u/Uydy}
i i

U,D=UD -2U8 = U[D - 287
U.(x) = U,D/[D - 20%(x)]

|=——
— == —— |
| ——— . T 0 e = iy
—_— = e — -
p— — == — —— — 1
e 2 |

o -

=

from Continuity Equation
U,D =U, [D - 28
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(Lift) T &9, 5 (Drag) by &g
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Blunt body Streamlined body
Cd=1.14
Cd=1.28
Flow Flat Plate

!

Prism
» Cd= .295
Bullet
.Cd=.o7 to .5 -
Sphere

F; e Cd- .045

(n=—— Airfoil
PTiev2A

A =frontal area

All objects have the same frontal area. @
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(Friction Drag) | SUdaal 0 5)3 g9 i

Ghid | I | |
0.008 | .

Turbulent =]
0.006 boundary layer —
- L (Eq. 9.34) _
o
< 0.004 o
2
=2
= LN -
o e S R e - Turbulent —
9 e Transition at ~ ~ ==t boundary layer
g Re,=5 X 10° ~._/ (kg 9.35
& (Eq. 9.37b) iy TET
0.002 i, =
.
4 -‘-""-
Laminar ]
boundary layer —
(Eq. 9.33)
0.001 | | | | | | | | | |
1pE 2 5 108 2 5 107 2 5 108 2 5 107

Reynolds number, Re;
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High pressure
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|

2.0

1.5
Co
1.0 =

0.5 | | | 1 | | ! | |
o 2 4 6 8 10 12 14 16 18 20

Aspect ratio, b/h

(Pressure Drag) 1)Lt  5)3 159 jii

Drag Coefficient Data for Selected Objects (Re = 109)°

Object Diagram Cpl(Re = 10%)
Square prism blh = w 2.05

b bih =1 1.05

>N
/ h

Disk ® 1.17
Ring - 1.20°
Hemisphere (open end / . 1.42
facing flow) @
Hemisphere (open end i 0.38
facing downstream) ©
C-section (open side il 2.30
facing flow) \
C-section (open side 1.20
facing downstream)

“Data from Hoerner [16].
PBased on ring area.
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Pressure distribution around asmooth sphere for laminar {@}
and turbulent boundary-layer flow, compared with inviscid flow
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Drag coefficient for a smooth circular cylinder as a function of Re number
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Low Reynolds Number Flow over a Flow Separation behind a Cylinder.
Cylinder.
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(Lift) Cabud (g9 pid
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Q= Conventional section n o= Laminar-flow section
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Lift coefficient vs. angle of attack
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(a} Flow patterns
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~1.0 1 | |
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Dimensionless distance, x/c
(b} Pressure distribution on upper surface
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Conventional section
(NACA 23015)

Q

2. C—

Laminar-flow section
(NACA 66-215)
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